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Let W, be the set of 2z-periodic functions with absolutely continuous (r— 1)th
derivatives and nth derivatives with essential suprema bounded by one. Let n> 1.
Best uniform approximations to a periodic continuous function from W, are
characterized. The result depends upon an analysis of the relation between the
zeros, knots, and signs of periodic splines with simple knots. An appendix by
O. V. Davydov states an alternative characterisation and demonstrates that the two
characterisations are equivalent. ~ © 1998 Academic Press

1. INTRODUCTION

Throughout this paper “periodic” will mean periodic with period 2z. Let
C be the space of periodic continuous real valued functions defined on the
real line R, and let C be equipped with the uniform norm. For each ne N
let W, be the set of those functions u € € which have absolutely continuous
(n— 1)th derivative u”~ 1, and whose nth derivatives satisfy the condition
"], < 1. The paper presents a characterization (Theorem 5.2.1), when
n>1, of those ue W, which are best approximations from W, to a given
vo e C.

Let C([0, 1]) be the space of continuous real valued functions defined
on the interval [0,1], equipped with the uniform norm, and let W, be the
set of those functions ue C([0,1]) which have absolutely continuous
(n—1)th derivatives, and whose nth derivatives satisfy the condition
lu'| ., <1. Korneichuk in 1961 [11] gave a characterization of best
approximations u€ W, to a given to v, € C([0, 1]). Sattes [13] gave a
characterization for the cases n> 1.

* The paper presents the central results of the author’s thesis [ 12]. The author has been
prevented by illness from further work on his draft of the paper and it has been revised by
A. L. Brown, who was the author’s research supervisor. An appendix to the paper has been
contributed by O. V. Davydov. Correspondence and reprint requests should be sent care of
A. L. Brown, D11 Type IV, IMTECH Colony, Sector 39A, Chandigarh, 160036, India, who
will act on behalf of and in consultation with the author.
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Let n> 1. Sattes showed that for each v, € C([0, 1])\W,,, there exists a
subinterval [a, b] of [0, 1] such that best approximations u, € W, to v,
are characterized in terms of ||v, — u, || and a precisely defined behaviour of
u, and vy, —u, on the interval [a, b]. It follows from the characterization
that a best approximation is, on the interval [a, 5], a uniquely determined
perfect spline. This “interval of uniqueness” of best approximations may
be a proper subinterval of [0, 1]. It also follows from Sattes’s result that
his characterisation also provides a sufficient condition for the periodic
problem, that is, Sattes’s condition is sufficient to ensure that u, € W, is a
best approximation from W, to a v, € C\W,. The condition, however, is
not necessary. In the periodic problem there are two cases. The definitions
of the two cases are technical and are given in Section 4.1. If v, € C\ W,
belongs to Case I then there exists a subinterval [«, b] of [0, 27) on which
Sattes’s non-periodic condition is satisfied. However, if v, € C\ W, belongs
to Case II then the situation is essentially periodic, there is a unique best
approximation to v, from I, which is a periodic perfect spline, and the
characterization of the best approximation involves conditions which do
not appear in the non-periodic problem. It is shown in [12] that Sattes’s
theorem can be deduced from the periodic Theorem 5.2.1; that is, the
periodic problem contains but is not contained in the non-periodic
problem. It is not difficult to construct examples to show that none of the
conditions of the characterization theorem (Case I, and two subcases of
Case II) are redundant. The case n=1 is not considered; it is relatively
very simple and the periodic and non-periodic problems are equivalent.

An alternative approach to Sattes’s theorem was given by Brown [3].
Functions in the set W, have integral representations, given by Taylor’s
theorem with integral remainder, involving the truncated power kernel
(x—p)y !

e ]

A duality argument first given in a simple form by Glashoff [ 10] yields a
general and preliminary characterization theorem (Theorem 1 of [3]) for
best approximations from certain sets defined by integral operators. Sattes’s
theorem for best approximations from W, was deduced from the general
theorem. The deduction involved an analysis of the zeros and signs of
functions (called here associated functions) which are of the form

W= K= ) i),

where 1 is a measure which annihilates polynomials of degree <n—1. If
the measure 4 has finite support then the function w( y) is a spline function
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of degree <n—1 with simple knots and compact support. The analysis
then also involves the knots of the splines.
A function u € W, has an integral representation

u=c+D,*u"™,

where D, is a well-known convolution kernel and ¢ e R is the mean value
of u. The function D, is a periodic spline of degree n with knots at the
points of 2nZ (that is, it corresponds to a spline function on the circle
which has a single knot); it is referred to in [9] as a Bernoulli spline. The
functions D, for n>1, are discussed in Section 2.1. Through the integral
representation (translated to the circle) the general characterization
theorem of [3] is applicable and its specialization to approximation in €
from W, is stated as Theorem 3.1.1. Separating measures and associated
functions for a function v,e C\W, are then defined. It is shown
(Theorem 3.1.7) that for each v, € C\ W, there exist separating measures of
finite support for which the associated functions are periodic splines of
degree <n—1. Case I, referred to above, is the case in which there exists
a separating measure of finite support such that there is an associated
function with a zero interval. Case II is “not Case 1.”

Section 4 is devoted to an analysis of the knots, zeros, and signs of
periodic splines of degree <n— 1 with simple knots. Section 4.1 is concer-
ned with splines with a zero interval, and Section 4.2 with periodic splines
which have no zero interval. The analysis is limited to results which are
necessary for the characterization Theorem 5.2.1.

Section 2 presents preliminary material: the convolution kernels D, the
integral representations, and a result giving bounds on the number of zeros
of splines (Theorem 2.2.2) which is used repeatedly in later sections.

2. PRELIMINARY RESULTS

2.1. The Convolution Kernels D,

First we require some definitions. Let ./ denote the space of real valued
regular Borel measures 4 on R which are periodic, that is, such that
AM(B +2x) = A(B) for all Borel measurable B < R, and such that || ([0, 27))
< 0. Let ./, be the set of A €./ such that A([0, 27)) = 0. All the measures
which appear in the discussion will belong to .7, either by construction or
by assumption.

The space ./, normed by

41 =141 (L0, 27)),

can be identified with the dual of the space C.
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A subset K of R will be called a periodic set if K+2n=K. If K is a
periodic set which corresponds to a finite subset of the circle consisting of
m points then K can be written as K= {x,:je Z} where

X; <X and X pm=X;+2m for all jeZ.

If Ae ./ then supp / is a periodic set.
If D is a bounded periodic Borel measurable function and / .7 then the
convolution D * A is defined by

(Dx2)(x)=]  D(x—y)diy).

[0, 27)

If 4 is a measure defined by diA(y)= f(y)dy, where f is periodic and
integrable on [0, 2z ], then D = 4 is just the convolution D * f of the two
functions D and f.

If £, g, h are periodic functions which are Lebesgue integrable on [0, 27 ]
then fx (gxh)=(f* g) = h. If f, g are bounded periodic Borel measurable
functions and Ze./Z then (f* g)* A= f* (g * ).

Now define D, to be the periodic function such that

for 0 < x < 2x. Define D,, for n =2 to be the convolution powers of D, that
is,

D,=D, ,*D,.

n—

The importance of these functions lies in the fact that convolution with D,
is an integration operator. The first theorem gives a more general result.

2.1.1. THEOREM.
() If Ae.dl, then, for all x <x',
(Dy # A)(x") = (Dy * 4)(x) = A((x, x"]).

(i) If f is periodic, is integrable on [0, 2n], and has mean value zero
then, for all x < x',

(Dyx 1)) = (Dyx N0 =] f(3)dy.

X

Consequently, D, = f is that periodic integral of f which has mean value zero.
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Proof. A convolution is given by integration over any half-open
interval of length 27, so, for all xe R,

(D, * 2)(x L L D=y di)

(x —27, x]

f n—(x—y) a(y)
‘[\ 27, x] 27'(
Therefore, if x <x’ then

X diy)

x—2n, x'—2n] 27[

[omeo-[

=A(x, x"]).

(D1 # ) =Dy e ) =] Sdin) = |

\)»]27-[

% diy)

This proves (i). If A is the measure defined by dA(y)=f(y)dy then (i)
gives (ii).

Simple and well-known properties of the functions D, are listed in the
next proposition.

2.1.2. PrROPOSITION. (i) For each neN the function D, has mean value
zero, that is,

1 2
— D, (¢)dt=0.
- fo A1)

(i) Dy(1) + D\(—1) = Yans(1) for all teR,
D,(—t)=(—1)"D,(1) forall teR andall n>1.

(1) D, is a periodic spline of degree n with knots at the points of 2nZ
and, if n>=2, has a continuous (n— 2)th derivative.

Next we consider integral representations of functions in 1, and of
periodic splines with simple knots.

2.1.3 Turorem. If neN and ue C then ue W, if and only if

u=c+D,x f
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for some ce€R and some essentially bounded measurable periodic function f
of mean value zero such that || f] ., <1.

Proof. D,* f=D,(D(..(D, * f)..)) is, by Theorem 2.1.1, an nth integral
of f, and so, if | f]|.. <1, is an element of W,. If ue W, and f =u" then
u—D, = f has an nth derivative which almost everywhere exists and is
zero, so that u— D, = fis a periodic polynomial which must be constant.

2.1.4. Notation. 1f (g, ) e R x ./, then let
w(g A)=g+(—=1)"D,* A

The factor (—1)" enters naturally in the context of Section 3 and it is
convenient to introduce it at this point. Functions of this form are ever-
present in the subsequent discussion.

The following simple results will be required.
2.1.5. PROPOSITION. Let ne N. Suppose (g, 1) € R x .A,.
(1) If a<b then supp An(a, b)= & if and only if the restriction of
w,(g, A) to (a, b) is a polynomial of degree <n—1.
(1) w,(g A) =0 if and only if g=0 and 1=0.
(iii) If supp AT nsupp A~ = then w,(g, A) is a piecewise monotonic
Sfunction.

Proof.

(1) The (n— 1)th derivative of w,(g, 4) is, by Theorem 2.1.1, given
by

wu(g, A"V (»)=(=1"(Dy * A)(y) =(=1)" ((Dy * A)(a) + A(a, 1))

for all y>a, and is constant on (a, b) if and only if supp 1 n(a, b) = .
This proves (i).

(i) follows from (i).

(1) If =0 or A<0 then, by Theorem 2.1.1, D, = / is monotonic.
Suppose supp A" nsupp A~ = . If a ¢ supp A then the interval [a, a + 27 ]
can be divided by points a =x,<x,; < --- <x,,=a+ 2z so that supp A" n
[a,a+2n] and suppi~ n[a,a+2n] are each contained in one of
(X0, X)) U (X5, x3)U --+ and (X, X,) U(x3, x4)U ---. It follows, by
Theorem 2.1.1, that D, = 1 is piecewise monotonic. It then follows easily
that, in all cases, D, * A, which is a repeated integral of D, x4, is also
piecewise monotonic.
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2.1.6. THEOREM. Let n>1. A function we C is a periodic spline of
degree n— 1 with simple knots if and only if w=w,(g, A) for some (g, A) €
R x .4, such that supp A€ N[0, 2n) is finite.

Proof. Suppose that (g, 1) e R x .7, and that supp A [0, 27) is finite.
Then K =supp A can be written as K= {x;: jeZ} where

X;<Xjy and X=X+ 21 for all jeZ.

In this case

and

wa(g, )" (1) = 2 (= 1)" Dy(y—x;) MAx))
j=1
for each y ¢ {x;: je Z}. It follows from the fact that / € .4, that w,(g, 2)™ (»)
exists and is zero for each y e R\K. The (n —2)th derivative of w,(g, 1) is
continuous. Thus w,(g, 4) is a spline of degree n— 1 with simple knots at
the points of supp 4. Furthermore,

W8 )00 () =g TN () =(— 1) Axy) (210

for each je Z.

Conversely, suppose that w is a periodic spline of degree n—1 with
simple knots at the points of a set K={x;:jeZ} as above. Let ie./Z
with supp A=K be defined by (2.1.1). Then necessarily 4€.#, and
w—(—1)"D, =/ has a continuous (n— 1)th derivative, so is a periodic
polynomial and is therefore constant. The proof is complete.

2.2. On the Zeros of Periodic Splines

This section will depend upon the definitions and results of [4]. In that
paper the classes of functions considered are larger than the classes of
splines which they contain. However, it is enough here to restrict attention
to spline functions. Let .%,_, be the set of spline functions defined on R

which are of degree n—1 and have a finite set of simple knots. Let .Z,
be the set of periodic spline functions defined on R which are of degree
n—1 and have simple knots, finitely many in [0, 27). Throughout this
section attention is restricted, in the interests of brevity, to the cases n> 1.
Ifwed, ,orwe. ,then w" =2 is continuous and piecewise monotonic.

If w is a continuous function then it will be said that [a, b] is a zero
interval of wif a<b and w(y)=0 for all ye[a, b]. Ifwe ¥, ,orwed, ,
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and w(y)=0 let Z,(w, y) be the multiplicity of the zero y of w as defined
in [4]. That is, if ] <a<n—2 and

w(y)=w(y)= - =w=D(p)=0,  w(p)#0
then Z,(w, y)=oa. If

w(y)=w(y)= - =w""2(y)=0

then Z,(w, y) is either n — 1 if w changes sign at y or n if w does not change
sign at y. It follows that if y is a point of a zero interval of w then
Z,(w, y)=n.

Distinct zeros y and y' of w are said to be separated zeros of w if the
interval with end points y and ' is not a zero interval of w. If  is an inter-
val of R then Z,(w, I) will denote the maximal number of separated zeros
of w on I, each zero being counted according to its multiplicity. If we .Z, _,
and w+#0 let Z,(w)=2Z,(w, a, a+2n)) where a is any point which is not
the right-hand endpoint of a zero interval of w (clearly the definition is
unambiguous).

The following proposition ([4, Corollary 3.2]) is required.

2.2.1. PROPOSITION. Let n>1. If we %, |, or weZ,_,, w(y,)=0 and
a=2Z,(w, yo)<n—1 then (y— y,)*w(y) does not change sign at y,. In
particular, if Z,(w, y)=1 then w changes sign at y,.

The next target is a theorem which relates the zero counts of a spline
w,(g, A) to the sign changes of the measure A. If a4, .. a, €eR then
S~ (ay, ..., ;) denotes the number of strict sign changes in the sequence
Ay, o 0y If €./ and supp 4N [0, 27) is finite let

K=supp i={x;:jez},
where
X;<Xjy and Xjpm=X;+2n for all jeZ.
If 7 is an interval and supp AnI={x,, .., x;} define
ST(A 1) =S (Axk), ey Ax))).
Define
S=(A) =S (Ax1), cor Xy 1 1))

Thus S(2) is equal to the number of cyclic sign changes of the measure on
the circle which corresponds to the periodic measure A.
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The next theorem will be used repeatedly in Sections 4 and 5.

2.2.2. THEOREM. Suppose that K={x;:je Z}, where
X;<Xjy and Xi i m=X;+2n  forall jel,

is a periodic set, that (g, A) € Rx 4,, A #0, and that supp A < K. Then

(1) Z,(w,(g 4), (x;, X)) <S (4, (x;, X)) +n whenever j<k;
(i) Z.(w,g 2)<5 (4.

The theorem will be deduced from the results of [4], in particular
from the following theorem which follows easily from Corollary 1.7 and
Theorem 2.2 of [4].

2.2.3. THEOREM. Let n>1.If we %, _, has simple knots at the points
X< - <X,

then

Z,(w, R)< S~ (w7 Dxy) —=w”  D(xy), ey wiV(x,,) —w" (x,,) +n.

Now let n, (g, 2) and K be as in the statement of Theorem 2.2.2. If

w=w,(g A)=g+(—=1)"D, x4
then
w" =D =(—1)"D, % A
and, by Theorem 2.1.1,
wmD(x) —wm D(x) = (—1)"A(x).

Let w,, €%, | be that non-periodic spline with knots at the points

Xj 415 Xz 1 Which coincides with w on (x;, x,). Then

Z,(w, (X, Xi)) = Z,(W; (X, X))
<Z,(w; i, R)
SST(AX; 4 1)s e Mxg 1)) +1
=8 (4 (x;, x;)) +n.

This proves (i) of the theorem.
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It is now possible to deduce (ii) from (i). For each ke N, if [x,_,, x,]
is not a zero interval of w then, by Theorem 2.2.2(i),

an(W) =an(W, [X,, xr+m))
= Zn(M/, [X,,, xr+km))
SZ,,(W, (erl, -xr+km))

< S_(/L (Xr,“ xr+km:|) +n

This holds for all ke N and so (ii) is proved.

Theorem 2.2.2(i) will be used repeatedly in the special case in which the
function w,(g, 1) has a zero interval, and a zero interval has multiplicity ».

2.2.4. COROLLARY. If w,(g, A) is as in Theorem 2.2.2, j <k and the inter-
vals [ x; _y, x;] and [ x;, x; ] are zero intervals of w,(g, A) but [ x;, x;, 1]
and [ x, _,, x,] are not, then

Z, (w8 1), (x5 X)) S ™ (h (X, 1 1)) —n<k—j—n. (22.1)

If Z,(w,(g, A), (X}, x;)) =k — j—n then X)), .., A(x,) are all non-zero and
they alternate in sign.

3. SEPARATING MEASURES

3.1. A Preliminary Characterization Theorem

The set 7, is a proximinal subset of the space C, that is, for each v, € C
there exists a best uniform approximation u, from W,. If v, € C\W, then
the set W, and the open ball {ve C: |[v—uv,| <d(vy, W,)} are convex and
disjoint and can be separated by a non-zero linear functional ie C* =~ ./Z.
Let ¢: C— C(T) be the natural isometric isomorphism of C onto the space
C(T) of continuous real valued functions on the circle 7. The starting point
for our analysis of best approximations from W, is a general result of
Brown ([ 3, Theorem 1]) which, applied to the subset ¢(#,) of C(T) and
translated from C(T) to C, contains the following preliminary characteriza-
tion theorem as a special case.
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3.1.1. TueoreM. Let neN. Suppose vye C\W,,uqe W,, ie Z\{0},
and g e R, and let

w,(g A)=g+(=1)"D,* A (3.1.1)
Then the three conditions

I(a). wug is a best approximation to v, from W,

).
( ). Mu)<Av) for all ue W, and all ve C such that |v,— vl <
d(ve, W,).
I(c). |w, (g D, <w,(g, A)—h|, for all he R (that is, — g is a best
L'-approximation to (—1)" D, = A from the space of constant functions),
are together equivalent to the three conditions

1G).  A[0,27)) =
H(ii). ul{”(y)=sgnw,(g, A)(y) for almost every y in R\w,(g, )" (0),
II(iii). A(vy—ug) = |Allllvg — uy || or, equivalently,

supp 2% = (vo—ug) "' (Jlvg—uol)),
supp A~ = (vo—ug) ' (—|vg—uo ).

Terminology. 1f vye C\W, then a measure Ae.Z which satisfies
condition I(b) will be called a separating measure for v, and W,. Thus, by
condition II(i), separating measures lie in ./#,. Let S(v,, W,) denote the set
of pairs (g, A) € R x.#Z such that / is a separating measure for v, and W,,,
and g and A satisfy condition I(c).

Note that if 4 is a separating measure for v, and W, then, by condition

I(iii), ||[A|=1 if and only if |4 <1 and A(vg—uy) = ||lvg—uy|. It follows
that {(g, 2)e S(vy, W,): |4 =1} is a compact subset of Rx.Z in the
product topology obtained from the weak*-topology of C* ~./.

If (g, 2) e S(vy, W, ) then the function w,(g, A) will be called an associated
Sfunction of v, and W, or the associated function of (g, A). If n>1 the
associated functions are continuous.

The theorem has an immediate and significant corollary.

3.1.2. COROLLARY. If w is an associated function of v, and W, and
w~Y(0) is a null set then there is a unique best approximation to v, from W,.

Proof. Suppose that w is an associated function of v, and W, and that
u, is a best approximation to v, from W,. If w—'(0) is null then, by condi-
tion I1(ii), u{”(y) = sgn w( y) for almost all y e R. Now uy=c+ D,, * ul" for
some ¢ € R. It follows that ¢ is the unique best uniform approximation from
the space of constant functions to v, — D,, * sgn w.
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In several proofs it will be necessary, given one element of S(v,, W,),
to construct another. The next proposition, which is a straightforward
consequence of Theorem 3.1.1, gives conditions which are sufficient to
ensure that a pair (g, 1) is an element of S(v,, W,).

3.1.3. PROPOSITION. Suppose vy,€ C\W, and (g, Ao) € S(vy, W,)). If
(g, \)eRe .4,

supp A+ Ssupp 4", supp A~ Ssupp 4, (3.1.2)
w,(g, 2) 1 (0)2w,(go, 49) ' (0), (3.1.3)

and
w,(& A)(Y) w,(8o> 20)(¥) =0 forall yeR, (3.14)

then (g, J.) is also an element of S(vy, W,,).

Proof. If (gy, /o) € S(vy, W,) then g, and A, satisfy conditions II(i)—(iii)
of Theorem 3.1.1. It follows from the conditions (3.1.2)—(3.1.4) that g and
A also satisfy conditions I1(i)—(iii). So the conclusion follows by Theorem 3.1.1.

The central results of [3] concerning best approximation from W, in
C([0, 1]) have as a corollary the fact that if v, € C([0, 1])\ W, then there
exists a separating measure A€ C([0, 1])* for v, and W, which has finite
support. It was suggested in [3] that a direct proof of this fact might yield
greater insight into the general problem. This expectation is confirmed
by our development. In this section it is first established that there exist
separating measures with minimal supports and associated functions with
maximal zero sets.

3.1.4. THEOREM. Suppose v, € C\W,. If A\, is a separating measure for
vo and W, then there exists a separating measure A such that supp A, < supp 4,
and if ) is also a separating measure and supp A Ssupp A, then supp A=
supp o

Proof. For each / which is a separating measure for v, and W, let L(1)
denote the set of separating measures A’ such that |A'|| =1 and supp A' <
supp 2. Then L(1) is a non-empty weak*-compact subset of C*~./7.
Therefore any chain of sets of the form L(4) has a non-empty intersection.
It follows that for each separating measure A, there is a subset L(4,) of
L(A,) which is minimal amongst all sets of this form. This proves the
theorem.

3.1.5. THEOREM. Suppose n> 1. Let v, € C\W, and let 1., be a separat-
ing measure for v, and W, with minimal support. Then there exists (g¢, /o) €
S(vy, W,) such that
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(1) supp Ao =supp 4,, and

(i) wi(g, ) (0)=w,(go, Ao) "(0)  wherever (g, )€ S(vy, W,,),
supp 4 =supp 4y, and w,(g, 2)~'(0)2w,(go, Zo) ~'(0).

Proof. For each (g, 1) e S(vy, W,) let L(g, A) denote the set of (g', ') €
S(vy, W,) such that ||| =1, supp A’ = supp A, and

w,(g', A) 1 (0)2w,(g, 2)~'(0).

If n> 1 then each of the sets L(g, /) is a non-empty and compact subset of
Rx.#. (However, if n=1 then the mapping (g, 1) — w,(g, 4)(y) is not
continuous.) The completion of the proof now follows that of the previous
theorem.

The lemma which follows provides the crucial step in proving that a
separating measure with minimal support corresponds to a measure on the
circle with finite support.

3.1.6. LEMMA. Suppose n>1. Let v, € C\W, and let (g, 1,) € S(vy, W,)
be such that A, has minimal support and w,(g,, o) has maximal zero set,
that is, satisfies the condition (ii) of Theorem 3.1.5. If a<b<a+2n and
w, (g0, 40) "1 (0) N [a, b] =& then |supp iy O [a, b]| <n+1.

Proof. The condition that n>1 ensures that the associated functions
are continuous. The lemma will be proved by contradiction. Suppose that
|[supp Ag n[a, b]|>n+1. Let B,,B,,..,B,.,,B,,, be disjoint closed
subintervals of (a, b) centred upon n + 2 distinct points of supp 4, N (a, b).
Let 4; € M, for j=1,..,n+1 (but not for n+2), be the periodic measure
such that Ai(A)=2 (A mB) for each Borel subset 4 of [a, a +2n).

Let y4, ..., v, be distinct points of (b, a + 27). Then there exists a nonzero
(g, ayy.ra,, ) €R""? such that

(@ydy+ - +a, 14, )([a, a+2m))=0

and

W& ajdy+ - +a, 1A, 1) (Vi) =0

for k=1,.,n Let A=a, A+ -~ +d,, /nsy. SO 2#0 and Ae.#,. Now
supp An (b, a+2xn) = J so, by Proposition 2.1.5, the restriction of w,(g, 1)
to the interval (b, a+2x) is a polynomial of degree <n—1 with n zeros
in (b, a+2x). Thus (b, a+ 2n) is a zero interval of w,(g, 1).
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Let ee {—1, 1} be the sign of w,(g,, 4¢) on [a, b]. Let J be the set of
a€ R such that

aa;> —1 for j=1,...,n+1,
and
ew,(go+ag, Ag+ar)(y)>0 forall yela, b].

Then 0 e J#R and J is an open subinterval of R.
Suppose aeJ . Then supp(io+al)=2suppionB, . ,#J so that
Jo+al#0; Ay+ale.l,; and

supp(do +ad)* Ssupp 4,
supp(do +ad)~ Ssupp 4 .
Furthermore
w,(go+ag, lg+al)=w,(gg, o) +aw,(g, 1)

and it follows that
w,(go +ag, Ao+ad) ' (0)2w,(go, 4o) ~1(0)
and
w.(go+ag, Ag+al)(y) w,(go, 40)(¥) =0 for all yeR.

Therefore, by Proposition 3.1.3, (g, + ag, Ao+ al) € S(vy, W,).

Now let a be a point of the non-empty boundary of J. Then either
aa;= —1 for some je{1,..,n+1}, in which case supp(i,+al) N B,=
and supp(4,+ai)#supp 4y, in contradiction to the fact that 4, is a
separating measure of minimal support, or w,(g,+ ag, 4, + ai)(y)=0 for
some y€[a, b], in contradiction to the fact that w,(g,, 4,) has maximal

zero set. The proof of the lemma is complete.

The “finite support theorem” now follows easily.

3.1.7. THEOREM. Suppose n> 1. If A is a separating measure of minimal
support for some vy € C\W, then supp A [0, 2n) is finite.

Proof. By Theorem 3.1.5 it may be supposed (after replacing 1 by
another measure with the same support if necessary) that there is a ge R
such that (g, ) e S(v,, W,,) and the associated function w,(g, 1) has maxi-
mal zero set. It follows from (ii) and (iii) of Theorem 2.1.5 that w,(g, 4) is
a nonzero piecewise monotonic function. Therefore w,(g, 1) ~'(0) is a
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union of a finite family of zero intervals and a finite set of isolated points.
If I is a zero interval of w,(g, 4) then, by Theorem 2.1.5, supp Anint [ is
empty. If J is an open interval of [0, 2n) disjoint from w,(g, A)~'(0)
then it follows from Lemma 3.1.6 that [supp 4 nJ| <n+ 2. This proves the
theorem.

4. ON THE KNOTS AND ZEROS OF PERIODIC SPLINES

4.1. Introduction

Suppose n>1. If v,e C\W,, u, is a best approximation to v, from
W, (g, A)eS(vy, W,), and A is a separating measure with minimal support
then, by Theorem 3.1.7, supp An[0,2x) is finite and the associated
function w,(g, ) is a periodic spline of degree n— 1 with simple knots at
the points of supp 4. By Theorem 3.1.1 the knots are points at which the
function v, — u, attains its norm and the points at which w,(g, A1) changes
sign are points of discontinuity of u{”. The main result of the paper, the
characterization of best approximations to v, from W,, will depend upon
an analysis of the relation between the knots, zeros, and signs of periodic
splines—not in complete generality but subject to certain restrictions.

There are two mutually exclusive cases to be considered:

I. There exists (g, 4) e S(vy, W,) such that supp A [0, 27) is finite
and the associated functlon w,(g, ) has a zero interval, and

. If (g,A)eS(vy, W,) and A has minimal support then the
associated function w,(g, 2) has no zero interval.

Theorem 4.2.2 gives conditions which guarantee the existence of a
spline with specified knots, zeros, and zero interval. Lemmas 4.3.5 and 4.3.7
exhibit splines with specified knots and zeros (subject to certain restrictions),
but no zero interval.

4.1.1. Notation. The following notation will be used throughout this
section. Let m, ge N. Let K= {x;;j€Z} be a periodic sequence such that

X <o <X, <Xx,+27 and X ,=x;+2n forall jeZ,
and let Z={z;:ieZ} be a periodic sequence such that
1< <z,<z;+2n and Zivg=2;+2n forall ieZ.

For each ke Z let h(k) denote the integer such that x, € (z,4) 1, Zu) -

The set K will be a set of actual or potential knots and Z will be a set
of actual or potential zeros of a given spline function or of a spline function
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which has to be constructed. The set K corresponds to a set of m points on
the circle, Z to a set of ¢ points on the circle. The number of elements of
a finite set 4 will be denoted |4|. Thus [KN [0, 27)| = m.

Let P, (K, Z) denote the set of pairs (g, 4) € R x .7, such that supp A< K
and Z<w,(g, 1) Y(0).

4.2. Splines with Zero Intervals

4.2.1. LEMMA. Suppose (g, 2)eRX .My, a<b<c,supp in(a,b)=J,
and (b, c)=w,(g, A) =" (0). Then supp in (b, ¢)= & and

b—y) !
w,(g A)(y) :i(b)((n_y)l)!
for all ye(a,b).

Proof. By 2.1.5, supp An (b, c)= . Then, by 2.1.1,

(=) Ab) for yel(a,b)

w(g. )" () =(=1)" (D, *’»)(”:{o for ye(b.c)

and the assertion of the lemma follows.

The next theorem establishes a sufficient condition for the existence of a
spline with specified knots and zeros and with a zero interval.

4.2.2. THEOREM. Let n>1. Let m,q, K, Z, and h be as in paragraph
4.1.1. Suppose that there exist integers j, k such that j <k < j+m,

| Z A (x, x)| <k —j—n, (4.2.1)
and
|Zm(xj,,xk,)| >k'—j —n (4.2.2)

whenever j<j' <k' <k and (j',k')# (j, k). Then |Z (x;, x )| =k—j—n
and there exists (g, ) € P,(K, Z) such that

[xe, x;4+2n] S w,(g, A) " (0) (4.2.3)
(=192 ) w, (g, A)(y) >0 (4.24)
forall ye(z, y,z;)n(x;,x;) and i€ Z, and

(—1)7" % 2(x,) Alx s

J

)>0 (4.2.5)

forj'=j, ., k.
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~Proof. Suppose that |Zn (x;, x;)| <k—j—n. Then k—j>n>2 and
|Z(x, Xk:1)| <(k—1)—j—n in contradiction to condition (4.2.2).
Therefore |Z N (x;, x;)| =k —j—n.
Let y,,.., », be distinct points of (x,, x;,+2n). Let J, denote the
periodic measure with support x 4+ 2zZ and such that §.(x) = 1. Then there
exists a non-zero (g, a;, ..., a;) € R* ~/*? such that

a+ - +a,=0,
and, if i=ajéxj+ - +ad,, then
w,(g, A)(y;)=0 for i=1,..,n
w,(g, A)(z)=0 for zeZm(xj,xk).
Then /e .7%,\{0}. Also, supp AN [x;, x;+2r] = {x;, .., X} so the restric-
tion of w,(g, 4) to [x;, x;+2n] is a polynomial of degree n—1 with n

zeros and therefore condition (4.2.3) is satisfied.
Let j', k' be the integers such that j < j' <k’ <k and

{x;, xp} Ssupp AN [x;, X;+27) S {X;, oy Xpo}
Then w,(g, 2)(y) =0 for all ye[x,, x; +2n]. Then, by Corollary 2.2.4,
K = —n<|Zo(xp x|

< Z"(H/n(g, j')’ (x/'” xk’))

< Si()”a [xj’9 xk’]) —n

<k'—j —n.
So the preceding inequalities are all equalities and they entail that (j', k")
=(j, k) (by condition (4.2.2)), that w,(g, 4) ~'(0) N (x;, Xp) =7Zn (x5 X)),
that w,(g, ) changes sign at each of its zeros in (x;, x;) (by 2.2.1), and that
S7(4 [x;, x,]) =k —j. The inequalities (4.2.5) now follow. The sign of

w,(g, ) to the left of x, is determined by the sign of A(x,), according to
Lemma 4.2.1, and the inequalities (4.2.4) follow.

The next theorem shows that the interlacing condition (4.2.1) of Theorem
422, satisfied by the knots K and zeros Z, is also a necessary condition.
This condition—usually in the form of its negation—plays a central role in
everything which follows.

4.2.3. THEOREM. Let n>1. Let m, q, K, Z be as in 4.1.1.
If (g,2)eP (K, 2),w, (g, 2)#0, and w,(g, ) has a zero interval then
A#0 and there exist integers j, k such that j<k < j+m,

w(g& Ay)=0  forall ye[x; ,x;]JUlxexe0],  (426)
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and
|Zm(xja X )| <k —j—n

Proof. Suppose that (g, 1) satisfies the stated conditions. Then, by 2.1.5,
A#0. Also, w,(g, 1) e ¥, _,. There exist j, k such that j <k, the condition
(4.2.6) is satisfied, and (x;, x;) contains no zero interval of w,(g, ). So
X, <x;+2r and j <k < j+m. Then, appealing to Corollary 2.2.4, it follows
that

1Z 0 (g x| < Dwilgy 2)710) A (x, )|
<Zn(wn(gs j'): (xja xk))
<S5 (4, [xﬂ X ])—n

<k—j—n

Theorem 4.2.2 will be invoked in situations in which the hypotheses of
the theorem are not immediately satisfied. The following technical and
combinatorial lemma is required as a bridge from the circumstance which
will be considered to the hypotheses of the theorem.

4.2.4. LemMA. Let m,q, R, Z, and h be as in paragraph 4.1.1 and let
evsere{—1,1}.
Suppose that there exist integers j, k such that j<k<j+m and the
following condition (C) is satisfied: either
1 Z 0 (), xi)| <k —j—n (Cl)

or

ZA(x,x)l=k—j—n  and  (=1)7 "0 g = (—1)"Fg,,.

Then if (J, k) is a minimal interval of integers such that condition (C) is
satisfied it follows that

|Zr\(xj, x)|=k—j—n (4.2.7)
and
1Z 0 (xp, xp0) | > K =)' —n

whenever j< j' <k' <k and (j', k') #(j, k).
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Proof. Let (j, k) be a minimal interval of integers such that condition
(C) is satisfied.

Suppose that |Zr\(x]-,xk)|<k—j—n. It will be shown that this is
incompatible with the minimality of (j, k).

If (=1 "0g,=(—1)""%g, then |Zn(x;,y,x)|<k—(j+1)—n
and condition (C) is satisfied by the interval (j+1,k). If Zn[x,_,,
x;)# & then |Zn(x;,x,_,)|<(k—1)—j—n and the condition (C) is
satisfied by (jk—1). If Zn[x, ,,x,)=& and (—1)7""Pg, =
—(—=1)""*¢,, then h(k—1)=h(k) and (—1)7" "« =D=(_1)"=k=1 g0
that condition (C) is satisfied by the interval (j, k —1). This completes the
proof of Eq. (4.2.7) and it follows that (j, k) satisfies condition (C2).

If j< j' <k then (j', k) does not satisfy condition (C) and so

|Z(xp, x )| >k—j —n,
from which it follows that
1Z A (2,11 =120 (x| =1 Z A (g x| < = ).

Let j<k'<k. Then (j, k') does not satisfy condition (C). Suppose that
|Z A (x;, x)| =k —j—n. Then |Zn[x,, x,)| =k —k' and it follows that
h(k')y=h(k)—(k—k") and that (j, k') satisfies condition (C2) which is a
contradiction. Therefore

1Z 2 (50 50| > K,
and it follows that
|Z A [xp, x)| <k—Kk.
Now, if j< j' <k’ <k then
1Z 0 (0 i) =1 Z 0 (xg, i)l = 1 Z 00 (3, 5,11 = 1Z 0 [0, X))
>(k=j—n)—=(j' =) —(k=k)=k'—j —n.
The proof of the lemma is complete.

The following technical proposition shows that Condition I of Theorem
5.2.1 is equivalent to the condition of Sattes’s characterisation theorem for
best approximations from W, to a function in C([0, 1]).

4.2.5. PROPOSITION. Suppose that [a, b], q, m, €,, and the points
a=z,<---<z,=b
and

a=x,< - <Xx

m
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are as in Condition I of Theorem 5.2.1 and let K and Z be the periodic exten-
sions of the sets {x,, .., x,,} and {z,, .., z,} respectively. Then (1,m) is a
minimal interval of integers satisfying condition (C) of Lemma 4.2.4, with

ep==&y, if and only if
X;<z;<X; 1y, for j=2,.,m-—n. (4.2.8)
Proof. If je{2, .., m—n} then

xX;<z; if and only if |Zn (xj, X )| >m—j—n. (4.2.9)

If ke{2,..,m—n} then
fe<Xp 1., ifandonlyif |ZA(x,, x| >k—1—n (42.10)

Suppose that 1, m is a closest pair of integers satisfying condition (C)
with ¢z=¢,,.

If je{2,..,m—n} then the interval of integers (j, m) does not satisfy
condition (C) and so |Zn (x;, X,,)| >m— j—n. So, by (42.9), x,<z,.

If ke{2,..,m—n} then the interval of integers (1, k) does not satisfy
condition (C). However, if |Zn(x,,x;)|=k—1—n then Zn(x,,x;)=
{z3, s zi_,} and h(k)=k—n+1 so that condition (C2) is satisfied.
Therefore |Z N (x,, x;)| >k —1—n and so, by (4.2.10), z, <X, 1, .

Conversely, suppose the inequalities (4.2.8) are satisfied. Then, by (4.2.9)
and (4.2.10), the intervals of integers (j, m) for je {2, ..,m—n} and (1, k)
for ke {2,..,m—n} do not satisfy condition (C). Also, if 1 <j<k<m
then

|Zm (xj7 xk)' = |Zm (xla xk)l + |Zm (xj5 xm)| - |Zm(x1’ xm)|
>k—j—n,

and the interval of integers (j, k) does not satisfy condition (C). This
proves that (1, m) is a minimal interval of integers satisfying condition (C).
The proof of the proposition is complete.

4.3. Periodic Splines without Zero Intervals

4.3.1. Notation. 1If m=q then we will write

0 1 1
- 1 Dn(Xl_Zl) Dn(xm_zl)
@n<f xl--~xm>: . (43.0)

1 Dn(xl_zq) Dn(x _Zq)

m
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These determinants, with this notation, were considered by Brown [2].
The convolution kernels D, have a sign-regularity property which was
established in [ 27]; it is stated (for n> 1) as the first part of the next theorem.

4.3.2. THEOREM. Let n> 1. Suppose that m, q, K, Z are as in paragraph
4.1.1, that q is an odd integer, and m = q.

(i) [2]
9,,(1; X1 "'xm><0.
1; Zy-z,
. I, xy--x,,
(i1) , =0,
1; Zl ...Zq
if and only if there exist j, k such that j <k < j+m and
IZm(xj, x)| <k—j—n. (4.3.2)
Proof. Let
D:@n<ln xl"'xm>.
1; Zyez,

Then D =0 if and only if the columns of the matrix in (4.3.1) are linearly
dependent. ~Thg latter condition is equivalent to the existence of a non-zero
(g, ) e P, (K, Z). Suppose that D=0 and that (g, 1) is a non-zero element

of P,(K, Z). Suppose, contrary to the assertion of (ii), that
1Z 0 (xp x| >k —j—n

whenever j<k < j+m. Then, by Theorem 4.2.3, w,(g, A) has no zero
interval. Now m is an odd integer and S—(1) is an even integer. So, by
Theorem 2.2.2(ii),

m>87(2)=Z,(w,(8 1) =Z,(w,g, ), [0,2n))
> w,(g,4)71(0) N[0, 27)| > Z N[0, 2n)| =m,

and we have obtained a contradiction.

Suppose that there exist j, k such that j<k < j+m and the inequality
(4.3.2) is satisfied. Let j, k be a closest such pair of integers. Then by
Theorem 4.2.2 there exists a non-zero (g, 2)€ P, (K, Z) and so D=0. The
proof of (ii) is complete. (It is also possible to prove (ii) by a refinement
of the argument by which (i) is proved in [2].)
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If m=q+1 and we expand the determinant
I, Xy X1 X,
7, < | i >
1’ Zpeee Zq y
by the last row of the matrix we obtain the following proposition.

4.3.3. PROPOSITION. Suppose m=q+ 1. Then for all y e R,

1a Xy Xm—1 X
1’ ZyZ y

q

D,

>= w8 D),

where (g, 2)e P(K, Z) and, for j=1, .., m,

)= (=17, (

1a xl"'xjfl x}'+l"'xm>

1’ Zyvee ez

4.3.4. Assumptions. In the next three lemmas it is assumed that n>1,
that ¢ is an even integer, that K and Z are as in paragraph 4.1.1, and that

|Zm(xj, X)) >k—j—n whenever j<k<j+m. (4.3.3)

4.3.5. LemmA. Let m=q+ 1. If

I;
9, < X X, xm> =w,(g, A)(»), for all yeR,
Y

1; Zyee 2z,

where (g, \)e P(K, Z), then J.#0.

Proof. 1t follows from the assumption (4.3.3) and Theorem 4.3.2(ii) that
w,(g, A)#0 and so 4 #0.
Note that dim P (K, Z) >1 if either m>¢g or m =g and

9, G ’;‘l'_’_'_’;'“> ~0.
4.3.6. LEMMA. Let n> 1. Suppose that me {q, ¢+ 1}.
(i) If (g, A) is a non-zero element of P,(K, Z) then
w,(g 2) "1 0)=2Z, (4.3.4)
there exists a sign ¢ € { —1,1} such that

(=D)epw,(g A)(y)>0 (4.3.5)
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forall ye(z,_y, z;) and i€ Z, and, for some a€ {1, .., m},
(=1)* " Ax,) Mx;)>0 (4.3.6)
for all je{a, ....a+q}.
(i) dim P,(K, Z)<1.

Proof. Suppose that (g, 1) is a non-zero element of P,(K, Z). Then, by
Theorem 4.2.3, w,(g, 1) has no zero interval. By Theorem 2.2.2(ii),

Z,(w,(g A)<S,()<IKn[0,2n)|=m<q+1.
However, g is even and S (/) is even. Therefore

42 Z,(w,(g 1)) =Z,(w,(g ), [0, 27))
> w,(g,4)7(0)n[0,27)| >1Z N [0,27)| =¢.

The equality (4.3.4) follows. Also, Z,(w,(g, 4), z) =1 for each ze Z so that
w,(g, A) changes signs at each of its zeros (by 2.2.1) and so the condition
(4.3.5) is satisfied. It also follows that S~(1) =g, so that at least ¢ members
of the set A(x,), ..., A(x,,) are non-zero. If m = ¢ then the inequalities (4.3.6)
hold for any choice of ae {1, .., m}. If m=q+ 1 then A(x,_,) A(x,) =0 for
a unique a € {1, ..., m} which then satisfies condition (4.3.6). This proves (i).

If (g,2)eRx.4, is non-zero then w,(g A)#0. It follows that if

dim P (K, Z)>1 then there exists a non-zero (g, 1) e P, (K, Z) such that
w,(g, A)(y) =0 for at least one y ¢ Z. This would contradict (4.3.4) of (i)
and so (ii) is proved.

4.3.7. LEMMA. Suppose m=q and

1;
9n< DX, xm>=0. 437)
1’ Zl'”Zq
Ifre{l, .. q} then
9”<’ - x"'>=wn(gr,ir)(y) (43.8)
1; =z, cee Z, y Z, 41 ez,

for all yeR, where (g,,2,)e P (K, Z) and

‘r

(—1) 7+ ) (x,)>0 (4.3.9)

J
forall jeZ.

Proof. That the equation (4.3.8) holds for some (g,,A,)e P, K, Z)
follows from Proposition 4.3.3 and the assumption (4.3.7).
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Let Je {1, ..,m} be such that, for some k€Z, z, € (X, tn— 15> Xs4 rms1)
(either there is one or there are two such J). Then

i,‘(XJ)Z(—l)J+r9n<1% X Xy—1 Xy xm>.

1, Z Z, Z, 4 Zq

Now if K'=K\{x;:je(J+mZ)} and Z'=Z\{z;:ie(r+qZ)} then K
and Z' also satisfy the condition (4.3.3) and so, by Theorem 4.3.2,
(—=1)’*"*1 ] (x,;)>0. Therefore A, #0 and, by Lemma 4.3.6, the condi-
tion (4.3.9) is satisfied.

5. THE CHARACTERISATION THEOREM

5.1. Best Approximations in Case I

The Cases I and II were defined in Section 4.1.
5.1.1. THEOREM. Let n> 1. Suppose v, € C\W,, and u, € W,. Then the
following two conditions are equivalent.

I(i) uq is a best approximation to v, from W, and there exists (g, 1) €
S(vy, W,) such that supp An[0,2n) is finite and w,(g, 1) has a zero
interval.

I(i1)) There exist an interval [a, b], where a<b<a+ 2n, an integer
g>1, asigney, e{—1,1}, points

such that

u(x)=(—=1)1%%,,  foralmostall xe(z;,_,,z,)
and i€{2,..q}, (5.1.1)
and points
a=x,<--- <x,,=b,

m

where m=q+n—1, such that
(v —uo)(x;) = (—1)""7 &5 [lg— uo | forall je{l,.,m}. (5.12)

Proof. First assume that condition I(i) is satisfied by some (g, 1) and
choose such a (g, 1) with supp 4 as small as possible.
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Let [a,b] be a maximal interval such that w, (g, 1) 0)n[a, b] is
finite. So @ and b are right and left end points respectively of zero intervals
of w,(g,1). Let m=S"(4, [a, b]) + 1. Let ¢ —2 be the number of points of
(a, b) at which w,(g, 4) changes sign. By Corollary 2.2.4,

q—2<|w,(g 2) 7 (0) N (a, b)| S Z,(w,g, 1), (a, b))
<S (L [ab])—n=m—n—1. (5.1.3)

That is, m=q+n—1.
Now it is possible to choose points

a=x,<--<Xx,=b

and ¢,,=sgn A(b) such that {x,, .., x,,} =supp 4 and
(= 1) ey A(x;) >0 for j=1,..,m.

It follows from condition II(iii) of Theorem 3.1.1 that the equations (5.1.2)
are satisfied.
Now consider the points

a=z;,< - <z,=b,

where z,, ..., z,_ are the points of (a, b) at which w,(g, 1) changes sign.

It remains to prove that m=¢g+n—1 for this will imply that the
inequalities of (5.1.3) are all equalities so that

Wn(ga l)il (0) N (Cl, b) = {Zz, veey Zq71}~

Furthermore, by Lemma 4.2.1, if 6 > 0 is small then

Sgn M}n(g’ /’L)(xm _5) = Sgn }“(xm) =ém

and the equations (5.1.1) will follow from condition II(ii) of Theorem 3.1.1.

Let K and Z be the periodic extensions of the sets {x, .., x,} and
{z\, .., z,} respectively, as in paragraph 4.1.1. Suppose that m>g+n—1.
Then

I ZA(x),nXx,)|=qg—2<m—1—n.
Then, by Lemma 4.2.4, there exist j, k such that 1< j<k<m and the

hypotheses of Theorem 4.2.2 are satisfied. Let (g', A')e P, (K, Z) satisfy
conditions (4.2.3), (4.2.4), and (4.2.5) of Theorem 4.2.2. Then w,(g', 1")



PERIODIC SMOOTH FUNCTIONS 153

changes sign in (x;, x,) at the points of the set Zn (x;, x;) as does w,(g, 4).
Replacing (g', ') by (—g’, —4") if necessary, we may assume that

wi(g Ay w,(g', 2)(y) =0

for all ye(x;, x;). There are now two cases to consider: either (a) the
signs of the two sequences A(x)), ..., A(x;) and 2'(x;), ..., A'(x;) coincide or
(b) they do not. In case (a) it follows from Proposition 3.1.3 that (g’, ') e

S(vy, W,). But
supp A’ N [xy, x, +27) = {x;, ... X, } Ssupp An[x,, x, +27).

By the minimality condition satisfied by supp 4 it follows that j=1 and
k =m. However by Theorem 4.2.2

|ZA(x;, x| =k—j—n=m—1—n

so that ¢ =m + 1 —n which is a contradiction. In case (b) we can choose
0> 0 to be the smallest positive number such that supp(4+ 04") # supp A.
Then it follows that (g + 0g', A+ 0)') € S(vy, W,) and that w (g + 0g', 2+ 01)
shares a zero interval with w,(g, 2). This contradicts the minimality condi-
tion satisfied by supp A. The proof that m =g +n—1 is complete, as is the
proof that condition I(i) implies condition I(ii). (The argument of this
paragraph will recur in Section 5.2.)

Now assume that condition I(ii) is satisfied by vy, u,, a, b, ¢, €,,, m, and
the sets {xy,..,x,} and {z,..,z,}. It will be shown that there exists
(g', A') € R x .4, which satisfies conditions II(i—iii) of Theorem 3.1.1. It will
then follow that u, is a best approximation to v, from W,,.

Let K and Z be the periodic extensions, as in paragraph 4.1.1, of the sets
{x1,..,x,} and {z,,.., z,} respectively; let & be as in paragraph 4.1.1.
Then h(m)=¢q and condition (C2) of Lemma 4.24, with ¢p=¢,,, is
satisfied by the interval of integers (1, m). Let j, k be the closest pair of
integers in the interval [ 1, m] such that condition (C) is satisfied. Then
(J, k) satisfies the conclusions of Lemma 4.2.4; that is, j, k satisfy the
hypotheses of Theorem 4.2.2. Therefore there exists (g, )€ P, (K, Z) such
that conditions (4.2.3), (4.2.4), and (4.2.5) are satisfied. The pair j, k
satisfies condition (C2) and so (—1)¢*"® =(—1)"** It follows from this
equation, from Eq. (5.1.1), and Eq. (4.2.4) that, for almost all ye(z;,_,, z,)
N (x;, x;) and each ieZ,

ug"(y)=(—=1)""" e, sgn A(x;) sgn w,(g, 1).
It follows from Egs. (5.1.2) and (4.2.4) that, for j' =j, ..., k,

(vo— “0)(3?;") =(—1 )m+k €y g0 A(X) sgn }“(Xj’)“vo —ug |-
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This shows that

(g A)=((=1)""" ey sgn ix,)g (—1)" " ey sgn A(x,) )

satisfies I(i—ii) of Theorem 3.1.1. The proof of the theorem is complete.
From the proof of the theorem we obtain the following uniqueness
result, which is incorporated in the main characterization Theorem 5.2.1.

5.1.2. CorOLLARY. If ], k is a closest pair of integers satisfying condition
(C), with ep=¢,,, and u is also a best approximation to v, from W, then u
coincides with uy on [ x;, x;].

Proof. 1f (g', ') is the element of S(v,, W,) constructed in the proof of
the theorem then w,(g’, ') has a finite number of zeros in (x;, x;). There-
fore, by II(ii) of Theorem 3.1.1, u"” and u§" coincide on (x;, x;) so that the
restriction of u —u, to (x;, x;) is a polynomial of degree <»— 1. But, by
II(iii) of Theorem 3.1.1, u and u, coincide on the set supp A’ N [x;, x;]
which contains k—j+ 1 points. However, by (42.7), k—j+1=2n+1. It
follows that u and u, coincide on (x;, x;).

5.2. The Characterization

5.2.1. THEOREM. Let n>1. Let vy € C\W, and u, e W,. Then u, is a
best approximation to v, from W, if and only if at least one of the following
two conditions is satisfied:

1. There exist an interval [a,b], where a<b<a+2m;, an integer
g>1; a sign gy, €{ —1,1}; points

a=z;<-.-<z,=b
such that
ul(x)=(—=1)%%,,  foralmostall xe(z;,_,,z,)
and i€{2,..,q}; (5.2.1)
and points
a=x,< - <x,,=b,
where m=q+n—1, such that

(v —1o)(x;) =(—1)"" &5 [lvg— uo Sorall je{l,.,m}. (522)

II.  There exist meN; a sign ey, €{ —1,1}; a set K={x;;jeZ} such
that

xj<xj+l a}’ld xj-%—m

=x;,+2n  forall jeZ
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and
(vo —uo)(X;) = (=)™ ey llvg—uyl for j=1,..,m; (523)
an even integer q; a sign ey €{ —1,1}; and a set Z=1{z,;:ieZ} such that

Z;<Zjg and Ziyg=2;+2m  forall ielZ;

. (5.2.4)
u(x)=(=1Yer  foralmostall xe(z, |, z,) and all ieZ;

and
\ZA(x;, x)| >k—j—n  whenever j<k<j+m; (5.2.5)

and either m=¢+ 1,

1; 1:
@n< 5 X2 xm> 9n< s X xml>>0’ (526)
1; Zy-z, I; Zy-- 2,
and
15 Xo o Xy
eyer, >0; (5.2.7)
1; Zy-2,
orm=gq,
19 Xy Xy
2, =0, (5.2.8)
1; ZyeezZ,
and, for some re{l, .., q} and some ye(z, |, z,),

(—1)r+1gMgF9n<’ Y dr—r X X xm>>0. (5.2.9)

13 212y y Zr+l”'Zq

If condition 1 is satisfied then it is satisfied by elements which also satisfy
the additional condition

X;<zZ;<X; 14, for j=2,..,m—n,

and in this case each best approximation to v, from W, coincides with u, on
the interval [a, b].

If condition 11 is satisfied then u, is the unique best approximation to v
from W,,.
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Proof. Suppose that u, is a best approximation to v, from W, but that
condition I is not satisfied. It must be shown that condition II is satisfied.
By Theorem 5.1.1 there exists (g, A) € S(vy, W,) such that supp A is mini-
mal, and so supp A" [0, 27) is finite by Theorem 3.1.7, and the associated
function w,(g, A) has maximal zero set in the sense of Theorem 3.1.5. Then
w,(g, A) has no zero interval.

Now let me N and supp A=K={x;:jeZ} be such that

X; <X and Xjym=X;+2n for all jeZ.

Furthermorel if the signs of A(x;), j€ Z, do not alternate we can~ch00se the
indexing of K so that A(x,) A(x,,) >0. Let ¢,,=sgn A(x,,). Let Z be the set
of points at which the periodic spline function w,(g, 4) changes sign. Then,
for some even integer ¢, Z={z,;ie Z} where

2, <Zipy and Ziyg=Z;+2m for all ieZ.
Thus (g, ) e P(K, Z). Let epe { —1, 1} be such that
(=14 gpw, (g, A)(y)=0 forall ye(z,_,,z,) and all ieZ.

The crucial steps in the proof of the theorem are now provided by the
following lemma.

5.2.2. LEemMA. (1) |Z A (x;, x4)| >k — j—n whenever j<k < j+m.
(1) Either m=q or m=q+ 1.

Proof of (i). Assume that (i) is false. Let j, k be the closest pair of
integers such that |Zr\(xj, x;)| <k —j—n. Then by Theorem 4.2.2 there
exists (g, A') € P,(K, Z) such that conditions (4.2.3), (4.2.4), and (4.2.5) are
satisfied. Then w,(g’, ') changes sign at the points of Z N (x;, x;), as does
w,(g, A). We may suppose, replacing (g’, ') by (—g’, —4') if necessary,
that

w,(& A(y)w,(g, A)(y)=0  forall y,

so that

(=D epw, (g, A)(y)>0

forall ye(z; ,z;)n(x;,x;) and all ieZ.
Now supp A’ = K=supp A If

supp A/ F = supp A ¥, supp A'~ Ssupp 4,
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then it follows by Proposition 3.1.3 that (g, ') € S(vy, W,,), which contradicts
the fact that condition I (and so also condltlon I(i) of Theorem 5.1.1) is not
satisfied, so that the associated function w,(g’, ') cannot have a zero
interval. Therefore either

supp A’ " Zsupp A" or suppl ~ Zsupp .
Now choose 0> 0 to be the smallest number such that either

supp(A+60A")" #supp A7

or
supp(A+ 04")" #supp A ™.
Then
supp(A+ 01 ) " <supp A+
and

supp(A+04")~ Ssupp 4.

It follows, again from Proposition 3.1.3, that (g +6g’, A +61") € S(vy, W,),
which contradicts the minimality of supp A. This completes the proof of (i).

Proof of (ii). By the definitions of K, m, Z, and ¢, and by Theorem 2.2.2(ii),

4<Z,(w,(g 1) <S (A)<m.

Now it will be proved by contradiction that m < ¢ + 1. Suppose, on the
contrary, that m>g+ 1. Let K* be the periodic set obtained by deleting
from K the points Xg 25 X and all their translates by multiples of 2.
Then we can write K* = {x :jeZ} where x¥=x, for j=1,..,q+1 and
x* ,o1=xF+2n for all jeZ 1If jeZ then xj —xJ(j) where J(j)=j+
[jlg+1](m—qg—1). Thus if j<k<j+q+1 then XF<xpF<xf+42n and

k—j<J(k)—J(j)<m so that, by (i) of the lemma,

|Zm( ,XE)| = |Zﬁ(x1(1)ax1k))| >J(k)—J(j)—n=k—j—n.

By Proposition 4.3.3 and Lemma 4.3.5 there exists a (g’, ') of S,(K*, Z)
such that A’ #0. It also follows from Lemma 4.3.5 and Theorem 4.3.2 that
w,(g',2')~(0)=Z and that w,(g’, A') changes sign at each of its zeros. So
we may assume, replacing (g’, ') by (—g', — ') if necessary, that

w,(g A)(y)w,(g', A)(y)>0
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for all y¢ Z. The argument now runs as in the proofs of Theorem 5.1.1
and part (1) of the lemma, giving a contradiction to the fact that supp 4 is
minimal. The proof of part (ii) of the lemma is complete.

The proof that condition II is satisfied can now be completed.
Suppose that m=¢g+ 1. Let (g’, ') be the pair such that

la Xy X1 Xm
3
1; ZyzZ y

q

‘/Vn(g/’ )”/) = 0@}1 <

so that (g', V') e P (K, Z) an~d /y # 0 (by Proposition 4.3.3 and Lemma 4.3.5).
By Lemma 4.3.6 dim P, (K,Z)=1 so (g, A)=(ag’,al’) and w,(g A)=
aw,(g', ') for some o e R\{0}. It follows from the definitions of ¢ and ¢,,
that

AMxy) Mx,,)>0
and

e A(X1) 6w, (g, A)(¥) <0

for all ye(z,,z,,). In these inequalities g, A can be replaced by g’, /',
and the conditions (5.2.6) and (5.2.7) follow from Proposition 4.3.3 and
Theorem 4.3.2.

Now suppose that m=g¢q. The pair (g, 1) is a non-zero element of
P(K,Z) and so dim P, (K, Z)>1. By (i) of Lemma 522 and (ii) of
Lemma 4.3.4 dim P (K, Z)=1. If r is any of 1, .., ¢ let (g,, 2,)e P (K, Z)
be as in Lemma 4.3.7. Then (g, 1) =(ag,, a4,) for some ae R\{0} and it
follows from the definitions of &, and &,, and from Lemma 4.3.7 and
Proposition 4.3.3 that (5.2.9) is satisfied by every ye(z,_,, Z,).

The proof that if u, is a best approximation to v, from W, then either
Condition I or II is satisfied is complete. If 1 is satisfied then by
Theorem 5.1.1 u, is a best approximation. Suppose that Condition II is
satisfied. By (5.2.5) the assumptions of 4.3.4 are satisfied by K and Z.

Suppose that Condition II is satisfied with m=¢ + 1. Let

a:6M9n<1j 2 xm>

Zl"'Zq

and let (g, 1) e P,(K, Z) be the pair (non-zero by (5.2.5) and Lemma 4.3.5)
such that
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Then by (5.2.6), using Proposition 4.3.3, A(x,) A(x,,)>0. It follows that
(4.3.6) of Lemma 4.3.6 is satisfied by a =1 so that

(=1 ey A(x;) >0 for j=1,..,m.

It now follows from (5.2.3) that /4 satisfies Condition I1(iii) of Theorem 3.1.1.
Now (5.2.8) means that ae,>0. It now follows from (5.2.3), using
Theorem 4.3.2(i), that (g, 4) satisfies Condition II(ii) of Theorem 3.1.1. So,
by Theorem 3.1.1, u, is a best approximation.

Finally, suppose that Condition II is satisfied with m=gq. Let re {1, ..., ¢}
be such that (5.2.9) holds for some ye(z,_;, z,). Condition (5.2.5) allows
us to appeal to Lemma 4.3.7. Let a = (—1)""'¢,, and let (g, 1) = (ag,, al,)
where (g,, /,) is as in Lemma 4.3.7. Then w,(g, A) =aw,(g,, 4,) and

en(—1)A(x;)>0 for all jeZ.

It follows from (5.2.3) that A satisfies I1(iii) of Theorem 3.1.1. By (5.2.9) and
(4.3.5) of Lemma 4.3.6

(=1 erw,(g, A)(y)>0 for all ye(z,_4,z;) and all ieZ

So, by (5.2.4), (g, ) satisfies Condition II(ii) of Theorem 3.1.1. Therefore
u, is a best approximation.

The uniqueness statements of the theorem are given in Case 1 by
Corollary 5.1.2 and Lemma 4.2.5, and in Case II by Corollary 3.1.2. The
proof of the theorem is complete.
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This appendix is devoted to a more geometrical characterization of best
uniform approximations to periodic continuous functions by functions
from the class W,, which, as we show, is in fact equivalent to the charac-
terization of Theorem 5.2.1 above.
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A.l. THEOREM [8]. Let v, e C\W,,n>2. A function u, € W, is a best
uniform approximation to v, from W, if and only if at least one of the
following is true.

A. There exists an interval [a, b],0<b—a<2rn such that

lvg—ugll &= llvg —ug |l Cla, b]
and Uy, ,, 18 @ best approximation to Vol o1 from W, ([a, b]).
B. There exists ve N such that

(1) wuyg is a periodic perfect spline of degree n with exactly 2v simple

knots over a period,
1< <zp<zi+2a(=2zp,.,),

such that

u(x)=(—=1)"*'¢ ae in (z;,z;,1), i=1,..,2v, (A1)

Sfor some de{—1, 1}.

(i) There exist x| < -++ <X,,, <X, + 27 such that
(vo—uo)(x)=(=1) e llvg—upll, j=1,..,2v+1, (A2)

Sfor some ¢e { —1, 1}.

(iii) There exists a periodic spline u, of degree n—1 with simple
knots {z,} 7" |, which has simple zeros at points X', X,, X3, ..., X, for some
X €[x5,41— 27, x,] and does not vanish at any other point of the interval
(x}, x7 +2n).

(iv) There exists a periodic spline u, of degree n with simple knots
{z;} 72, which satisfies the conditions

i=1
(=1 oul(x)>0 ae in (z,z;,),i=1,.,2v, (A.3)
and
euy(xh) <0, eur(x,)>0, euy(x;)<0, .., euyx,)>0. (A4)

Furthermore, if condition B is satisfied, then u, is the unique best
approximation to v, from W,

ne

There exists an unpublished proof of A.1 which largely follows the lines
of Satte’s proof for the non-periodic case and is based on a characterization
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of best uniform approximation by periodic splines with fixed simple knots
[7]. We do not present the original proof of A.1 here because it is lengthy.
For some closely related results on approximation from classes of periodic
functions defined by integral operators with strictly CVD kernels, see
[5, 6].

In order to prove the equivalence of Theorem 5.2.1 and Theorem A.1, we
need some definition and auxiliary results from [7]. Let Z,,={z,:ie Z}
and T,,={1,:jeZ} be two periodic sequences such that

)< <2y, <21+ 21 and Zigw=2Z;+21 forall ieZ,

< oo <ty <t;+2n and Ziy=1+2n forall jeZ

Denote by %, (Z,,), the set of periodic spline functions of degree n— 1
with simple knots at the points of the set Z,,. Then ., ,(Z,,) is a finite-
dimensional linear space, dim ., ,(Z,,) =2v. The sequence T, is called an
I-set with respect to %, (Z,,) if for any given real numbers a,, ..., d,
there exists a u{lique spline ue %, (Z,,) such that u(t;)=a; f0r~j= 1, .. 2w
The sequence 7T,, is said to be an Nl-set with respect to %, _,(Z,,) if there
exists a spline function we %, (Z,,) (we call it an undulating spline) which
has simple zeros exactly at the points of the set 7,,. It follows from
Proposition 3 and the Remark after Lemma 4 in [ 7] that for any given NI-set
an undulating spline is determined uniquely up to a nonzero real factor.
Note that although a sequence T, evidently cannot be an I-set and an Nl-set
simultaneously, there exist such sequences 7,, that are neither I-sets nor
NI-sets. The latter happens in the case that a non-zero spline with zero
intervals vanishes at the points 7, ..., ¢,,.

A.2. LEMMA. [7], Lemma 4]. If the sequence T, satisfies the condition
|[zi,zi+ﬂ]m72‘,|<n+,ufl, Lhu=1,..,2v, (A.S)
then T,, is either an I-set or an Nl-set with respect to &, (Z.,).

A.3. Lemma [7, Remark after Lemma 4]. If T,, is an Nl-set with
respect to S, (Z,,), then

||:Z[s Zi+‘u]m7’12v|<n+:u_23 i,ﬂzl,..., 2V, (A6)

The following lemma is a strengthened version of Lemma 3 in [7].

A4 LemMA. Let T, ={t;:jeZ} be an NI-set with respect to 9,_\(Z,,)
and let T',, = {t}:je Z} be a periodic sequence, t} ,,,=t;+2n for all je Z. If

tjgt}gt_/urla j=1,...,2V,

with T, # T,,, then T, is an I-set.
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Proof. In view of Lemma A.3, T, satisfies (A.5). Therefore, by Lem-
ma A.2, it suffices to show that 7", cannot be an NI-set. Suppose the con-
trary. Let w and w, be undulating splines which correspond to 7, and T,
respectively. As in the proof of Lemma 3 in [ 7], find a linear combination
W =aw + fw, such that W~ possesses at most 2v — 2 cyclic sign changes.
However, W evidently has 2v distinct zeros t/e[t;, ¢;,,], j=1, .., 2v, over
a period. The periodic sequence 7%, ={t]:jeZ} generated by these Zeros
is, by Lemma A.2, either an I-set or an NI-set. If it is an I-set, then w=0,
hence aw = — fw,, which contradicts the assumption that 7%, # T,,. If 7%,
is an Nl-set, then W has 2v cyclic sign changes and so does Wb a
contradiction. The proof is complete.

The next lemma follows immediately from the well-known representation
of periodic splines by the Bernoulli polynomials D, (see, for example,
[ 1, Chapter 8]).

A.5. LEmMMA. T, is an I-set with respect to &, (Z,,) if and only if

L, t,---1,,
@n < s 1 2v >¢0

Iy ozyzy,

It follows from (4.3.1) that

7, (1; t ...12‘,>:(_1)n 2, <1; z, ---sz>.
L ozy-2, I, 11y,
This fact, together with the simple observation that (A.6) implies

|[]7 /+,u:|mZZV|<n+/u 2 j,,u=l,...,2v,

leads, in view of Lemmas A.2, A.3, and A.5, to a kind of duality presented
in the following lemma.

A.6. Lemma. T, is an I-set (NI-set) with respect to %, (Z,,) if and
only if Z,, is an I-set (NI-set) with respect to %, (T»,).

A dual variant of Lemma A.4 follows immediately.

A7. LemMa. Let T,,={1,: jeZ} be an Nl-set with respect to %, _\(Z,,)
and let Z4,={z:i€Z} be a periodic sequence, = ,,=z+2x for all i€ Z.

If
2, <Zi<Zip 0, i=1,..,2v,

with Zb, # Z,,, then T,, is an I-set with respect to %, (Z5,).
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Proof of the Equivalence of Theorems 5.2.1 and A.1. First, the equiv-
alence of Condition I of Theorem 5.2.1 and Condition A of A.1 evidently
follows from Sattes’s characterization theorem.

Next, it is readily seen that ¢, ¢, and (—1)"¢,, in Condition IT of
Theorem 5.2.1 correspond to 2v,d, and ¢ in Condition B of A.l1 respec-
tively. Two cases m=¢g+ 1 and m =g¢q in Theorem 5.2.1 can be recognized
as strict inequality x,,,,<x,;+27 and equality x,,,,=x,+27 in
Condition B(ii) of Theorem A.1. Thus, (5.2.3) and (5.2.4) can be identified
with (A.2) and (A.1)

It is not hard to check that condition (5.2.5) can be restated as follows:

|[z,¢,z,«+ﬂ]ml~(|<n+u—l, Lhu=1,..q. (A7)

We consider two cases.

Case 1: m=gq (X5, =x,+2n). We first show that (5.2.5) & (5.2.8) <
(iii). We have K=X, & {x;:jeZ}, where x;,,,=x;+2n, jeZ. Since
X' =x,, (iii) means that X,, is an Nl-set with respect to .%, (Z,,). If (iii)
holds, then Lemma A.5 implies (5.2.8) and Lemma A.3 ensures (A.7), so
that (5.2.5) is also true. Conversely, (iii) follows from (5.2.5) and (5.2.8) in
view of Lemmas A.2 and A.S.

Now suppose (iii) to hold and prove the equivalence of (iv) and (5.2.9).
By Lemmas A.7 and A.5,

1:
gz,,< » fo> #0 (A8)
I, z)---25,
for any Z,, satisfying
5, <zZi<z;, j=1,.,2, and Zh #2Z5,, (A9)

and thus is of one fixed sign throughout this domain. It is easily seen that
(5.2.9) determines this sign as ¢,,&,. Therefore, (5.2.9) is equivalent to the
following:

1: X
85@,,<’ Y le>>0 (A.10)

. ' '
I zy... 2,

for any Z,, satisfying (A.9).
On the other hand, any spline function ue .%(Z,,) can be uniquely
represented in the form

2v
u(x)=dy+ Y, di(D, (X —z;) =D, (¥ —z;,1)), (A.11)

i=1
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where
2n

dOZJ‘ u(x) dxa di:u(n)(x) fOI' any XE(Zi, Z[+l)9 i= 1: ey 2V,
0

with

> dilzig 1 —z) =0. (A.12)

N = (A.13)
dy+ Z di(DnJrl(xj_Zi) _Dn+l(xj_zi+l)) = “(xj)a j=1.,2v,

i=1

as a system of linear equations in the unknowns d,, d,, ..., d»,. The determi-
nant of this system,

0 Z,— 2, z1+2n—z,,

1 D, i(x1—21) =D, 1(x1—2;) e Dyi(xy—23) =Dy (X1 — 22, 41)
A=

1 Dy ii(x2y—21) =Dy i(X2y—22) -+ Dypi(xp,—25)) =Dy 1(X2,— 23y 41)

Z, z +2n 10 xy---x
1 2v
=j f 2, ’ , /‘ dzy,---dz),
z 2y, Ly,

1

is nonzero because of (A.8).
If (5.2.9) holds, then

04> 0.

Since 4 #0, there exists a spline function u=u, €.%,(Z,,) satisfying A.4
(where x, =x,). Then u, has 2v sign changes and the same is true for u{".
Because of this, d; #0, i=1, .., 2v. Solving for d; in (A.13), we obtain

df=A‘fl(—1>f+fu2(x,~>f2...f" [
/= 1 Zie1 " Zig

Zoy

g,

n

<1; Xy oo X1 Xjqq e Xy
. ' ' ' '
L,z zigzi 2,

>dz’2v ceedzi o dz - d2.
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It follows from Theorem 4.3.2 above that the integrals in the right-hand
side are all non-positive. Therefore,

(=" tod;>0,  i=1,..,2w

Since d,=u'")(x), x€(z;, z;,+ 1), (A.3) follows, and (iv) is obtained.
Conversely, if (iv) holds, then the same matrix computation shows that
04 >0, 1e.,

z, z,+2n 1:
gfgj J‘ @( *1 xf")dz’z‘,...dz’,>0,

. '
I, zy--zh,

which implies (A.10).

Case 2: m=q+1 (x5, <x,+2r). The function

W(x) =@n < , X X, XZV>

I, zy zpee0zy,

¢ (Z,,) which vanishes at the points x,, x5, .., X5,. If
(5.2.6) holds, then w(x,,,; —2x) w(x,;) <0, hence there exists another zero
x| of w(x) which is located inside (x,,,,— 27, x;). Set X5, ={x}:jeZ},
where x} is that zero, xj=x;, j=2, ..., 2v, and x}, ,,= X+ 2 for all je Z.
If (5.2.5) also holds, then it follows from Lemmas A.2 and A.5 that X7, is
an Nl-set with respect to %, ,(Z,,), ie., (iii) is valid. Conversely, if (iii)
holds, then w(x) is an undulating spline with zeros at the points of X%,, so
that necessarily w(x,,,; —2n) w(x,;) <0, which gives (5.2.6). The validity
of (5.2.5) follows from (iii) in view of Lemma A.3. Thus, (5.2.5) & (5.2.6)
< (iii).

What is left is to check the equivalence of (5.2.7) and (iv) under the
supposition that (iii) holds. To this end we can clearly apply the same
argument as in Case I, if it is shown that (5.2.7) is equivalent to the
condition

is a spline in %,

09, <1§ Xyox, "'x2v>>0

L2y zhe2h,
for any Z,, satisfying
2, <2<z 00, i=1,.,2v, and VASE VAW

The latter is readily seen from the next calculation, if it is considered that
eyep= —eo if m is odd.



166 J. A. ORAM

if

sgn D@n<1; Xz.--xz;/+1>= —sgn 7, <1, X2V+1—277_- X, - x2v>
I, zy-z,, 1; z, Zy e Zo,
=—Sgn£2,,<1; X1—n Xx,—n - xzp—ﬂ>
L; Z Zs Zy,
= 7Sgn ‘@n<1’ X’] x2 va >’
I, zy4+n zZy+n - zZy+7
n >0 is small enough.
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